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Phase Diagram of Strongly Interacting Matter
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Heavy Ion Collisions at CERN LHC

● Since 2009 autumn
Proton-Proton Collisions at 7 TeV 

Particle physics tests: jet physics, 

Standard Model, Higgs search,

baseline for Heavy Ion Experiment

● Now, as of 2010 winter
Pb-Pb Collisions at 2.76 ATeV 

The real Heavy Ion Collisions

Test: Quark Gluon Plasma (QGP)
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Measured properites of QGP @ RHIC
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A signature: Non-Abelian Jet Energy Loss
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● pQCD based parton model:

QCD at T → 0 temperature 

power law distribution

strong dependence on FF

good for high-p
T
 hadrons 

●  Quark-coalescence model

Thermal, finite temperature

exponential distribution e-m  /  T

parton-hadron duality

good for high-p
T
 hadrons

P. Lévai, GGB, G. Fai: JPG35, 
104111 (2008)

Theoretical descriptions of spectra



 Boltzmann-Gibbs

thermodynamics
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Clausius (1865):Clausius (1865): Concept of Entropy (S) based on macroscopic basis: Concept of Entropy (S) based on macroscopic basis:
  

Boltzmann (1872-1877): expressed S can be taken by probability theory Boltzmann (1872-1877): expressed S can be taken by probability theory 
from the microscopic states:from the microscopic states:

  

Here probabilities Here probabilities {p{p
ii
}} corresponding to the W microscopic configuration. corresponding to the W microscopic configuration.

Gibbs, Neumann, Shannon for equally probabilities:  Gibbs, Neumann, Shannon for equally probabilities:  pp
ii
 = 1 / W = 1 / W for all  for all ii

with additivity rule:with additivity rule:

Assuming Assuming NN equal and independent  elements (e.g. to see extensivity): equal and independent  elements (e.g. to see extensivity):

with with 

Basics of extensive thermodynamics

S  AB=S  A SB

S BG=−k∑i=1

W
pi ln pi ∑i=1

W
pi=1

S BGN =N⋅SBG 1

S BG=k ln W

limN ∞ SBG N /N=SBG 1k ln [W 1]∞

d S=dQ /T
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● Thermalised system: spectra follow Boltzmann-Gibbs
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Thermal

4-6 GeV/c

Example: Thermal hadron spectra

F E~e−E /T
~e

− pT /T
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● But in HIC this is quite different... 
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Example: Thermal hadron spectra

Thermal
???

4-6 GeV/c

F E~e−E /T
~e

−pT /T

This is not the case 
for p

T
 > 4-6 GeV/c
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Models for high & low p
T
 hadron spectra

● 1. interpretation 'soft' & 'hard' processes
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● 2. interpretation 'bulk' & 'jet-like' processes
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Bulk Jets, 
mini-jets

4-6 GeV/c

RHIC/LHC 
energies

Models for high & low p
T
 hadron spectra
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● 3. interpretation 'thermal' & 'non-thermal' models 
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Thermal Non
thermal

4-6 GeV/c

RHIC/LHC 
energies

Models for high & low p
T
 hadron spectra



 Who/Why/What

Pareto, Rényi, & Tsallis
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History: Tsallis, Rényi, Pareto...

● Constantino Tsallis 
1943 (Greece) – (Brazil), statistical phyisicist  

Applying Generlised Entropy:

● Alfréd Rényi
1921  – 1970 (Hungary), mathematician  

Defines a Generalised Enrtopy: 

● Vilfredo Federico Damaso Pareto
 

1848 (Paris) – 1923 (Geneva), (Italian)

industrialist, sociologist, economist, philosopher   

Generalised Pareto Distrib.:
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Non-extensive thermodynamics (Non-extensive thermodynamics (Based on: T.S. Biró: EPL84, 56003,2008) ) 
associative composition rule,  (non-additive) : associative composition rule,  (non-additive) : 

Then should exist a strict monotonic function, X(x) 'generalised logarithm' Then should exist a strict monotonic function, X(x) 'generalised logarithm' 
(an entropy-like quantity), for which:(an entropy-like quantity), for which:

    

Example: (i) Classical thermodynamics:Example: (i) Classical thermodynamics:

      (ii) Tsallis distribution(ii) Tsallis distribution

Basics of non-extensive thermodynamics
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Extensive vs. non-extensive

C. Tsallis: EPJ A40 257 (2009)
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Non-extensive Gibbs, generalised Non-extensive Gibbs, generalised 

logarithm:logarithm:

Composition rule for sub-systems:Composition rule for sub-systems:

Meanwhile satisfy:Meanwhile satisfy:

Assimptotically, if                   :Assimptotically, if                   :

recursive equation can be given:recursive equation can be given:

                                                          , where, where

Evolution equation can carry out:Evolution equation can carry out:

Associative composition  ⇉  evolution eq.

y/N

y/N
y/N

y/N
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Some applications of Tsallis distribution

● Laser Cooling
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Some applications of Tsallis distribution

● Voyager2 measured: 
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Some applications of Tsallis distribution

● Solar neutrinos: 
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Some applications of Tsallis distribution

● Hadron jets in electron-positron collision: 
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Some applications of Tsallis distribution

● Heavy Ion collisions: 

  



 What can we learn

from Heavy Ion Collisions?
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The first data from the LHC

● New LHC pp data (CMS) 

JHEP 1002:041(2010)

fitted Tsallis distribution for p
T 
spectra:

  

Parameters:

0.9   TeV T= 130 MeV,  q=1.13 
2.36 TeV T= 140 MeV,  q=1.15 n := (q-1)-1

● RHIC analysis on AuAu data (y=0) 
Cooper-Frye model: K. Ürmössy, T.S. Bíró: PL B689 14 (2010)

Parameters:

200 GeV T= 51 MeV, q= 1.062 (fit for p
T
 < 6 GeV/c)



New data at LHC energies – 2010 summer
See: ALICE: Prague Jet workshop & CMS: QCD-10-008



Comparision in x
T
: old/new data by Tevatron

See: CDF: PRD 79 112005 (2009) & CMS QCD-10-008



A new question on the market...



 High-p
T
 & low-p

T
 

hadron spectra
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●Hadronization: requires a model, based 
on local parton-hadron duality 
(kvantum numbers & momenta 
connected to a cone around or to the 
leading particle.)

●  Parton/hadron shower evolution comes 
from statistical processes (step-by-step 
MC evolution). → microscopical

●  Fragmentation function (FF) carries 
integrated (phenomenological) 
information on how parton fragment 
into hadron. → integradted distribution

●  Measurement lepton-antilepton 
annihilation, HIC, etc...

Hadronization processes & fragmentation



G.G. Barnaföldi: Tsallis Distribution in High-Energy Heavy Ion Collisions 35

Models for fragmentation

● Independent fragmentation model (Feynman - Field) 
Simplest model for fragmentation by

Field & Feynman : q & g channels

● (Quark) string model

color strings between qq, breaking into 

quark-antiquark pair → mesons

 

● Cluster model (Lund model)

Lund model: phase-space separation,

froming clusters: qq → M, qqq → B
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1- z1- z 1- z'1- z' 1- z''1- z''

zz

Z'Z'

Fragmentation processes in parton model

In a pQCD based parton model, fragmentation functions (FF) gives  
how parton (a) fragment into a hadron (h), D

h  / a
(z,Q2). 

DGLAP scale evolution: 
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Z

X

i

kj

Fragmentation via associative composition 

Program:Program:

1) Search and fit Tsallis distribution 1) Search and fit Tsallis distribution 
to data.to data.

2) Search for physical meaning of 2) Search for physical meaning of 
T and q parameters.T and q parameters.

3) Components of the sub-systems 3) Components of the sub-systems 
are e.g. 'splitting functions' Pare e.g. 'splitting functions' P

q gq g
, P, P

g gg g
  

4) Test: can a BFKL / DGLAP-like 4) Test: can a BFKL / DGLAP-like 
evolution equation be obtained?evolution equation be obtained?

D(x,QD(x,Q22) ~ f(E,T,q) * f(ln(Q) ~ f(E,T,q) * f(ln(Q22))))

D(x,QD(x,Q22) ~ f(E,T(ln(Q) ~ f(E,T(ln(Q22)),q(ln(Q)),q(ln(Q22))))))



  How can TsallisHow can Tsallis

 (re)solve this? (re)solve this?



  A test in two models  

joint ideas...
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● A suggested new way: Tsallis (like) distribution 
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1s t way: find the distribution 
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1s t joint model: recombination & pQCD in AA

Find a distribution for low & high momentum spectra:

 

In AA collisions particle energy modified by the flow: 
 

Slope for particle spectra can be fitted:

furthermore, if E>>m, then T → T [ ( 1 + v ) / ( 1 - v ) ] 1 / 2  

See more on details by: K. Ürmössy and P. Ván
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Fitted T & q Tsallis parameters at RHIC energies: (recombination and NLO 
pQCD+AKK FF, v=0.5 for kaons): T.S. Bíró, K. Ürmössy, GGB: JPG35, 044012 
(2008)

Pion 
spectrum

Kaon 
spectrum

1s t joint model: recombination & pQCD in AA
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Analysing
Meson & Baryon

specta in
AuAu collisions

● Ratio of theoretical 
or experimental p

T 

spectra in y=0, AuAu 
collisions fitted by  
Tsallis distribution. 

● T=50-70MeV, 
q=1.06-1.07

● Here the fit is only 
for  p

T 
< 6 GeV/c. 

● K. Ürmössy, T.S. 
Bíró: PLB689:14 
(2010)

1s t joint model: recombination & pQCD in AA 
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AuAu Collisions at RHIC energies

● Boltzmann Statistics

● Non-Extensive (Tsallis)
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2nd way: to resolve the gap... 

● Suggested interpetation: Tsallis + evolution 
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● TEST on CDF ch. hadron data in pp @ 1.96 TeV |y|<1 

● DGLAP motivated evolution: n = (q
0
-1)-1 –2*log(log(Q)) 

2n d joint model: Tsallis with evolution 

T = 10.64 
q

0
= 1.116  

N
O

 e
v
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lu
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T = 3.95    
q

0
= 1.116  

W
it
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● More TEST: 

0.2 - 7 TeV

midrapidity

data

 

● C.m. Energy

dependence 

of the T & q 

parameters 

2n d joint model: Tsallis with evolution 

T q 
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● TEST on various midrapidity data @ different cm  

● The q-T plane  

2n d joint model: Tsallis on q-T plane 

T q 
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Test of the Tsallis based FF

● Tsallis T & q parameters in different channels 

● Test of the model: pQCD vs. Tsallis based FF
● pQCD based parton model

PRC65 034903 (2002) 
● Scalig Tsallis parameters 
● DGLAP evolution  
● Sum Rule for normalization

GGB et al: Gribov '80 (2010)

Spectrum in pp collisions

q(
Q

2 ) 

T(Q2) [GeV]  

T
(Q

2 ) 
[G

eV
]

Q2 [GeV2]
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S U M M A R Y

● High & low p
T
 spectra has different distribution..

...however hadronization should not work differently.

● Non-extensive (non-equilibrium) thermodynamic

Can be applied generally. Based on composition rules, 
evolution eq. can be obtain even for non-thermalised case.

● Tests and models with Tsallis assumptions

Seems working for hadron production up to intermediate p
T
, 

and extension to the highest p
T
 region is still question.

. 
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… so we hope...
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