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High-Z few-electron ions

A
a = 1/137.036..., Z —nuclear charge, Viuc(r) = il

r
Low-Z systems: aZ << 1 — expansion aZ

E[H(1s)] = 101V /cm
E[Laser] = 102V /cm
E[U(1s)] = 10'°V /cm

High-Z systems: o/ ~ 1 — no expansion in o4 — strong-field regime of QED
The most precise test — Lamb shift in Li-like uranium.

Theory: 280.71(10) eV [Y.S. Kozhedub et al., PRA (2008)]
Experiment: 280.645(15) eV [P. Beiersdorfer et al., PRL (2005)]
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g factor of few-electron ions

Mainz-GSlI collaboration HITRAP project
2000: 12C°+
Theory 2.001 041 590 18(3) Beier, Blundell, Czarnecki, Faustov, Indelicato,

Jentschura, Karshenboim, Lindgren, Martynenko,

Milstein, Pachucki, Sapirstein, Shabaev, Yerokhin

Experiment | 2.001 041 596 3(10)(44) | [N. Hermanspahn et al., PRL (2000)],
[H. Haffner et al., PRL (2000)]

wr, g le| Mion
we 2.9q me

— me = 0.000 548 579 909 32(29)u.

2004: 16Q7* [J. L. Verdu et al., PRL (2004)]

in progress: Si, Ar

planned: Pb, U
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Determination of «: free-electron g factor

2
gfree:2(1‘|‘gz4(2)—|— (g) A(4)—|—)
T

T
dgfree _ l
da T
) —14 ree 0 ree
oo :2(9> Ihree _ 861.022... x It
« m Jfree Jfree
5 exp 6
99tee — 075 x 1012 — 2% = 0.7 x 1077
Gfree Qv

exp

Ifree = 2-002 319 304 361 5(6) — 1/04 = 137.035 999 08(5)

[G. Gabrielse et al., PRL (2006)], [D. Hanneke et al., PRL (2008)]
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Determination of «: bound-electron g factor

2
d1s = g (2\/1 — (OZZ)2 -+ 1) + AgQED + Agnuc

dgls _ 40422 . dgfree _ l
do 3,/1— (aZ)? o da T
5_& _ 3\/1 o (&Z)Q 5918 5_05 — 9 (g)légfree
Q0 B 2(0&Z)2 J1s Vs (04 - 7T Gfree
)
Pb (Z=82): 6¢°P=07x10"°— — =1.3x107°
Q

However there is a problem:
5gth IS limited by the nuclear size and structure
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Nuclear size effect

One-electron relativistic value:

2K mc
g = ——
jG+1) h

/Oodrrgg(r)f(r) — gp + Agns
0

Dirac wavefunction:

r) = 9(r)$ben (7) o (54 1) (Zq)itits
w(r) ( () (7) ) (y+ 2)( 1)

Dirac equation for bound electron:

he di(:) + he L g(r) — (e+mec® =V (r)) f(r) =0
he d/(r) + hc Lo h f(r)+ (e =mc®=V(r)) glr) =0

dr r
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Li-like 1ons

For r < R, the binding energy in the Dirac equation can be neglected.
= for 1s and 2s states:

91(r) - g2(7) or 7
< £1(r) ) ~C’12< £o(r) ) fi < Ruuc

Let us introduce the parameter £

§ = Agns|(1s)*2s]/Agns|Ls]

and the specific difference ¢’

g = g[(1s)*2s] - £g[Ls]
g’ can be evaluated to much higher accuracy than g.
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B-like 1ons

For high Z for r < R,,c even the mc? in the Dirac equation can be neglected.
= for 1s and 2p; /5 states:

gi(r) - f2(r) -
() wer{ ) e

Let us introduce the parameter £
¢ = Agns[(15)?(25)°2p1 2]/ Agns|1s]
and the specific difference ¢’
g = gl(15)*(25)*2p1 2] — £g[15]
¢’ can be evaluated to much higher accuracy than g.

Moreover, dg’ /da is larger than for the Li-like ions.
l
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g factor of B-like Pb

The nuclear size effect on the g factor of B-like Pb was investigated numerically,

including the 1 /7 interelectronic interaction and the ./ QED corrections.

£ =0.0097416,

Uncertainty of g’ due to the nuclear effects and the fine structure constant:

0& = 0.000 000 25.

Contribution 5q' /g
1/a = 137.03599911 (46) 8.7 x 10~ 1Y
Nuclear size 2.9 x 10710
Nuclear polarization 1.0 x 1010

[V.M. Shabaev et al., PRL (2006)]
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Theoretical status and recent developements

To achieve the required theoretical accuracy for the g factor necessitates a number of
elaborate evaluations:

e QED
> [«] one-loop QED
one-electron part
many-electron part
> [a2] two-loop QED
> [a3] three-loop QED
® Interelectronic interaction
> [l/Z] one-photon exchange
> [1/Z?] two-photon exchange
> higher orders: large-scale CI-DFS
e recoil effect
-+ effective potential
-+ QED corrections
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One-electron one-loop QED

2R
|
A
A

Agqep = Agse + Agvp

Coulomb field:
[V. A. Yerokhin et al., PRA (2004)], [R. N. Lee et al., PRA (2005)]

Effective screening potential:
[D. A. Glazov et al., PLA (2006)]
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Interelectronic interaction

1 1
I—————< >-————I
1 °
Z . gV VRN | gV aVRN |

1/Z% and higher:
large-scale configuration-interaction Dirac-Fock-Sturm method
Basis: 125 11p 10d 6 f 49 2h 11

[V. M. Shabaev et al., PRA (2002)], [D. A. Glazov et al., PRA (2004)]
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Evaluational procerdure

¢ Derivation of the general formulae: the two-time Green function method

3 (any |1 (w)|nga)(nsb|I(A)|ngb) (n2|To|n1)
Ags d Z Ea—W—6Eny )(Ea —W—¢€n,)(Eq —w — engy)

n1,2,3

@ Ultraviolet divergencies: potential expansion
© 0,1-potential terms: momentum space
© many-potential term: coordinate space

¢ Infrared divergencies:
©  proof the cancellation analytically
©  evaluate the sum numerically

® Numerical procedure:
©  partial-wave expansion

© finite basis set: DKB-splines

¢ Feynman and Coulomb gauges
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g factor of Li-like Pb

Dirac value (point nucleus)

1.932 002 904

e~ —e” interaction, 1/7

0.002 148 29

e~ —e interaction, 1/Z%

0.000 007 6 (27)

QED, one-loop

0.002 411 7 (1)

QED, two-loop

-0.000 003 6 (5)

QED, screening

-0.000 001 8 (1)

Recoll

0.000 000 2 (3)

Nuclear size

0.000 078 6 (1)

Nuclear polarization

-0.000 000 04 (2)

Total theory

1.936 628 7 (28)
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g factor of Li-like U

Dirac value (point nucleus) 1.910 722 624

e~ —e” interaction, 1/7 0.002 509 84

e~ —e~ interaction, 1/Z%% | 0.000 008 5 (38)
QED, one-loop 0.002 446 3 (2)
QED, two-loop -0.000 003 6 (8)
QED, screening -0.000 001 7 (2)
Recoil 0.000 000 3 (7)
Nuclear size 0.000 241 3 (4)
Nuclear polarization -0.000 000 2 7 (14)
Total theory 1.915 904 9 (40)
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Conclusion and Outlook

* Experimental and theoretical investigations of the bound-electron g factor
in highly charged ions will provide

— accurate tests of QED in strong Coulomb field

— an independent determination of the fine structure constant «

* A significant step towards high theoretical accuracy:
— two-electron self-energy

— two-electron vacuum-polarization (partly)

— two-photon exchange

* Next steps are:

— higher-order interelectronic interaction

— two-electron vacuum polarization (WK-ml, D)
— lower nuclear charge Z

— B-like ions
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thank you for your attention!
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